1. Progressive Plane Waves.-When a gas is initially stationary and at uniform temperature and pressure the density p may be regarded as also uniform initially with a value po which for convenience may be taken as unity. The velocity of sound at this time will also be independent of position and equal, say, to co.
If now the gas is set in motion by a piston so that it moves parallel to the x-axis, then at any subsequent time t the pressure p at the place x will depend only on the density so long as no shock waves have passed over this place and the velocity potential 4 22, 1936 readily give the type of solution corresponding to a progressive wave which he found by an ingenious direct method of solution involving the use of an inequality to show that one part of the complete solution is zero in a progressive wave. This apparent failure of Legendre' s transformation to give all the solutions of the partial differential equation arises from the fact that X and T are not independent quantities in the progressive wave and so cannot be treated as new independent variables for the formation of a new partial differential equation. The solution for the progressive wave is not a singular solution in the sense in which this term is usually used;6 the nature of the solution is discussed by McCowan7 who regards it as special, i.e., a limiting case of the general solution.
The failure is only apparent because the relation dW= xdX+tdT (5) which is true in any case, shows that when X and T are functions of a single parameter , W is also a function of r and we have the equations 
This may also be reduced to a linear equation by the transformation of Legendre, the appropriate equations being
The solution corresponding to progressive waves is now
where r is defined by the equation
This equation must be the same as before because a relation between p and pu implies a relation between the quantities X and T given by equations (2). Comparing (13) with (7), which may be written in the form
we find that
This is precisely the condition that the quantity xo defined by (12) should be a solution of the partial differential equation (9) . A comparison of (13) and (14) also gives the relation
It should be noticed that when x is taken as dependent variable (9) transforms into Lagrange's differential equation8
Yx-) t2= (1) where v(r) is the reciprocal of p(r). We have in fact
A comparison of (17) and (12) shows at once that p(T)w(r) = -o(r). (22) which is equivalent to one derived from (12) and (13) by eliminating x.
If, in the differential equation for t we take yo as new dependent variable, the new independent variables being xo and t, we obtain the equation aa:Y2y= c2 2 aaxY2y. (23) This equation may be treated by Legendre's The wave-solution given by the failure of Legendre' s transformation is obtained again in the form (21) . The wave-solutions have been discussed at some length by Hugoniot" and Hadamard,"4 particular attention being paid to the generation of the wave-motion from a state of rest by the accelerated motion of a piston and the formation of singularities or discontinuities in the motion as indicated by Stokes."5 By means of a representation in a space of three dimensions the solution is interpreted as a developable surface which touches the plane z = 0 along a characteristic of the partial differential equation. 
(26) and the equation obtained by differentiating with respect to a keeping x, y, z constant can be expressed in various forms which are all included in the equations x-) 
where C is an arbitrary constant. It may be remarked that Lagrange's equation (16) where S is a function which Neumann"6 calls the stream-function but which will be called here the stress-function. It must be chosen so that the equation of continuity 6 6
-(pu) + -(pv) = 0 (32) by is satisfied and that p is a specified function of p.
In the Prandtl- 
These must be the same and so h'(s) = f'(s)g'(s), f'(s)e'(s) = 1.
[Though the analysis of Hadamard gives some of the general features of the flow specified by these equations and the flow has already been studied in a general way by S. Lees'7 and the present author,'8 the analysis can now be presented in an improved form -which-indicates more clearly its relation to the graphical method of solving problems in supersonic flow used by Prandtl, '9 Ackeret" and Busemann.21 The improvements depend upon advantageous choices of the parameter r on which the principal quantities depend. In the above form of the solution T = s where s represents the physical quantity puv. We shall now choose r so that the velocity of sound is the function c(r) which will be regarded as the derivative of a function a(T) so that c(r) = a'(r).]
The parameter r is, however, not yet defined because the functions are unspecified. We shall suppose further that the components of velocity u, v, are functions u(r), v(r) given by the equations u (7) Since q2 = u2 + V2 = a'2(7r) + a2(7.), we have a2(r) = q2 -c2 and so q2 2 c2, a result obtained before. (53) Putting T('r)a(r) = h'(p) we have
where n is a constant associated with the particular stream-line under consideration. The equations of the stream-line may thus be expressed in the parametric form
where p is a function of r given by equation (45). We may also write where Q' is the derivative of the function Q(q). The velocity of sound c is represented as the distance from OR of N, the foot of the ordinate of P. The pressure p is represented by the area between this ordinate and the portions of the curve and q-axis which meet at the point where the density is zero. Figure 1 , which shows the form of the Q-q curves for adiabatic flow for different values of -y has been drawn for me by Francis and Milton Clauser. Some of the circles have been drawn and a scale included so that the Mach angle can be read off by placing a straight edge through the origin and the point R on the circle. (The points are not marked on the diagram.) In spiral flow the curves along which co is constant may be obtained by a rotation of the curve C for we have the equations x cos co + y sin co = n/Q, xsin c-y cosw = m/q. (64) The transverse velocity and the density of radial momentum are both inversely proportional to r. The moment of momentum about 0 of any portion of the fluid is proportional to its mass and so remains constant during motion.
